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}Given n devices with known location  
Ɓ(reference devices)  

}Given n distance measurements to reference 
devices  
Ɓ(from user device to reference devices)  

}Determine position of user device  
ƁAs far as possible  

}Upgrade user device to reference device  

ƁRecurring theme: Keep track of the accuracy   

 



}Shopping mall with people having mobile 
devices that can determine  
ƁDistance to each other (wifi, BT,..)  

ƁDistance to devices fixed on the wall (wifi, BT, ...)  

ƁPosition if in range of a GNSS system  

¶Near windows or outside  

ƁPosition of devices fixed on the wall  

 





}Problem in Euclidean geometry  
ƁEuclidean space WITH EUCLIDEAN COORDINATES  

}Unknown point ὢ 
}Reference Points ὢ ȣ ὢ  

}Distances  Ὠ   ὢ ὢ   
 
System of ὲ coupled quadratic  equations in the 
coordinates of ὢ.  

 
} Basically same problem for GNSS  
ƁHidden assumption in algorithm.  



 



 

Reference device  



 

Assuming: You are on Earth  



 

You are here  
25 °20х42цS 131°02х10цE, 863m,  
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or here  



 

or here  



 

or here  



}From space based perspective, òwimpyó GNSS 
òonlyó improves positioning in the last digits. 
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Small compared to ȿὢ ὢȿ 
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}From space based perspective, òwimpyó GNSS 
òonlyó improves positioning in the last digits. 

 

}Have an excellent a priori  estimate ὢ , to 
linearise equations for ὢ around.  
 

} Ὠ ὢ ὢ  ςὢ ὢ Ȣὢ ὢ   

 

}Linear in ὢ, òsolveó using least squares (and 
iterate)  
 

 

 
 

 



}From space based perspective,  with òreal 
menó GNSS or Indoor positioning. 

 

}DONõT have a  a priori  estimate ὢ , to 
linearise equations for ὢ around, but still...  
 

} Ὠ ὢ  ὢ  ςὢ ὢ Ȣὢ  ὢ  

               ȿὢ ὢ ȿ  
 

 

 
 

 

Independent of Ὥ  



}Define centre of mass: ὢ  Вὢ 

}Rewrite equations as above, ὢ  Ą ὢ 
 

 

}Substract average of equations  

}Get: 1 quadratic + n linear equations*  

 

Ɓὢ ὢ  ὨȢ ȿὢȢ ὢ ȿ   

Ɓςὢ ὢȢὢ ὢ =  ὨȢ Ὠ ȿὢ ὢ ȿ ȿὢȢ ὢ ȿ  

 

 

 * With one dependency  



} If ὲ τ then linear equations determine solution  
ƁLinearise around soln to get solution for the whole 

system!  

ƁIf ὲ σ we get two solutions for whole system.  
 

}Everything is very explicit   
ƁCan compute error analysis.  

 

}To first order, position ὢ is Gaussian distributed,  
Ɓprovided  
¶Errors in positioning reference device are negligable  

¶Distance measurements have Gaussian error.  

ƁCovariance matrix is explicitly computable.   

 



}Alternative viewpoint:  

}Given: probability distributions  (pdf)  
Ɓὴ ὼȟȣȟὴ ὼ for position of the reference devices  

Ɓὴ ὶȟȣȟὴ ὶ for distance to the reference devices  

 

}Find: pdf ὴ ὼ of position ὢ 
ƁVery precise way to keep track of the accuracy  



}Pdf of difference vector ɝὢ  is given by  

Ɓὴ ὼ  ὴ ὼ ȿὼᴂȿ  

 

}Pdf of position using only measurement to  ὢ 

Ɓὴ ὼ ὴ ὴz ὼ ὴ᷿ ὼᴂὴ ὼ ὼᴂὨὼᴂ 

 

}Pdf of position using all independent 
measurements  

Ɓὴ ὼ  Бὴ ὼ              Ὅ normalisation constant  



}Pdf of difference vector ɝὢ  is given by  

Ɓὴ ὼ  ὴ ὼ ȿὼᴂȿ  

 

}Pdf of position using only measurement to  ὢ 

Ɓὴ ὼ ὴ ὴz ὼ ὴ᷿ ὼ ὼᴂὴ ὼᴂὨὼᴂ 

 

}Pdf of position using all independent 
measurements  

Ɓὴ ὼ  Бὴ ὼ              Ὅ normalisation constant  

Like the intersection of fuzzy sets  







}RANDOM 

random2.avi


}Geometric method is  
Ɓvery simple,  

ƁEasy to exchange required information  

ƁCan be used as input for Probabilistic approach  

ƁRequired to reduce òsearch spaceó for probabilistic 
method  

}Probabilistic method  
ƁHard to compute  

ƁRequires lots of information to exchange  

ƁVery general, and first principle  



}Positioning problem is solvable in great 
generality (Indoor and GNSS)  

}Peer to peer approach is complementary to 
indoor positioning approaches  
ƁProvided it works with Euclidean distances  
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}Problem in Euclidean geometry  
ƁEuclidean space WITH EUCLIDEAN COORDINATES  

}Unknown point ὢ 

}Reference Points ὢ ȣ ὢ  

}Distances  Ὠ ς‏Ὠ ‏ ὢ ὢ  
 

System of ὲ coupled quadratic  equations in the 
coordinates of ὢ.  

 

}  Basically same problem as for GNSS  
ƁGNSS has an extra quirck with callibrating drifting clocks 

(i.e. solve for drift ‏, and..    



}Problem in Euclidean geometry  
ƁEuclidean space WITH EUCLIDEAN COORDINATES  

}Unknown point ὢ 

}Reference Points ὢ ȣ ὢ  

}Distances  Ὠ ς‏Ὠ ‏ ὢ ὢ  
 

System of ὲ coupled quadratic  equations in the 
coordinates of ὢ.  

 

}  Basically same problem as for GNSS  
ƁGNSS has an extra quirck with callibrating drifting clocks 

(i.e. solve for drift ‏, and..    

Uncallibrated distance  



}Define centre of mass: ὢ  Вὢ 

}Rewrite equations as above, ὢ  Ą ὢ 
ƁBut donõt throw terms away 

 

}Substract average of equations  

}Get: 1 quadratic + n linear equations*  

 

Ɓὢ ὢ ςὨȢ‏ ‏  ὨȢ ȿὢȢ ὢ ȿ   

Ɓςὢ ὢȢὢ ὢ ςὨ ὨȢ ‏= ὨȢ Ὠ ȿὢ ὢ ȿ ȿὢȢ ὢ ȿ  

 

 

 * With one dependency  


